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SPECIAL VALUES OF HYPERGEOMETRIC FUNCTIONS AND PERIODS OF 

CM ELLIPTIC CURVES 


YIFAN YANG 


Abstract. Let Xq(1)/VK6 be the Atkin-Lehner quotient of the Shimura curve 
associated to a maximal order in an indefinite quaternion algebra of discriminant 6 over Q. 
By realizing modular forms on iY® (1)/We in two ways, one in terms of hypergeometric 
functions and the other in terms of Borcherds forms, and using Schofer’s formula for val¬ 
ues of Borcherds forms at CM-points, we obtain special values of certain hypergeometric 
functions in terms of periods of elliptic curves over Q with complex multiplication. 


1. Introduction 

Let X^{N) be the Shimura curve associated to an Eichler order of level N in an in¬ 
definite quaternion algebra of discriminant D over Q. When D = 1, the Shimura curve 
Xq{N) is just the classical modular curve Xq{N) and there are many different construc¬ 
tions of modular forms on Xq{N) in literature, such as Eisenstein series, Dedekind eta 
functions, Poincare series, theta series, and etc. These explicit constructions provide prac¬ 
tical tools for solving problems related to classical modular curves. On the other hand, 
when D ^ 1, because of the lack of cusps, most of the methods for classical modular 
curves cannot possibly be extended to the case of general Shimura curves. As a result, 
even some of the most fundamental problems about Shimura curves, such as finding equa¬ 
tions of Shimura curves, computing Hecke operators on explicitly given modular forms, 
and etc., are not easy to answer. However, in recent years, there have been two realizations 
of modular forms on Shimura curve emerging in literature and some progress toward the 
study of Shimura curves has already been made using these two methods. 

The first method was due to the author of the present paper. In lf3^ . we first observed 
that when a Shimura curve X has genus 0, all modular forms on X can be expressed in 
terms of solutions of the Schwarzian differential equation associated to a Hauptmodul of 
X. Then by utilizing the Jacquet-Langlands correspondence and explicit covers between 
Shimura curves, we devised a method to compute Hecke operators with respect to the ex¬ 
plicitly given basis of modular forms. As applications of this computation of Hecke opera¬ 
tors, we computed modular equations for Shimura curves, which can be regarded as equa¬ 
tions for Shimura curves associated to Eichler orders of higher levels, in 041 and obtained 
Ramanujan-type identities for Shimura curves in 051 . In addition, since some Schwarzian 
differential equations are essentially hypergeometric differential equations, this realization 
of modular forms yields many beautiful identities among hypergeometric functions. This 
is discussed in ll29l[3n . 
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The second method is to realize meromorphic modular forms with divisors supported 
on CM-points as Borcherds forms associated to the lattice formed by the elements of trace 
zero in an Eichler order. Borcherds forms themselves are not easy to work with. What 
makes Borcherds forms useful in practice is Schofer’s formula ll24l for norms of (general¬ 
ized) singular moduli of Borcherds forms, that is, norms of values of Borcherds forms at 
CM-points. Schofer’s formula is based on an earlier work of Kudla lfT9ll . and the evaluation 
of derivatives of Fourier coefficients of Eisenstein series uses works of Kudla, Rapoport, 
and Yang ll20l f22l [^ . An immediate consequence of Schofer’s formula is a necessary 
condition for primes that can appear in the prime factorization of the norm of the dif¬ 
ference of two singular moduli of different discriminants, which is analogous to Gross 
and Zagier’s work ifT^ for the case of the classical modular curve Xo(l). Also, Errthum 
in used Schofer’s formula to determine singular moduli of (1) jW^ and 

where Wd denotes the group of all Atkin-Lehner involutions on X,^(l), verifying Elkies’ 
numerical computation m . (However, we remark that Schofer’s formula needs a slight 
correction when the Borcherds forms have nonzero weights. See Section [^below.) 

The realization of modular forms on Shimura curves in lf3^ is completely analytic, 
while Schofer’s formula for singular moduli of Borcherds forms is more arithmetic in na¬ 
ture. (For example, the primary motivation of GH |20l m |22l was to obtain arithmetic 
Siegel-Weil formulas realizing generating series from arithmetic geometry as modular 
forms.) It is an interesting problem to see what results we can obtain by combining the 
two approaches. This is the main motivation of the present work. 

In this paper, we will consider the Shimura curve X = X^{1)/Wq. From 13^ . we know 
that every holomorphic modular form on X can be expressed in terms of hypergeometric 
functions. Now according to ESI Theorem 7.1] and ifJTl Theorem 1.2 and (1.4) of Chapter 
3], if f(r) is a modular function on X that takes algebraic values at all CM-points, then the 
value of t'{T) at a CM-point of discriminant d is an algebraic multiple of the square of 


= gi'(0,Xdo)/2L(0,Xd(,) 


Mol-l , \Xdo(a)p-do/ihdo 

m n ^ (^) 


where do is the discriminant of the field Q(x/(i), Xdo is the Kronecker character associated 
to Q(-\/d), iJ-do is the number of roots of unity in Q{Vd), and is the class number of 
Q{Vd). (See E Theorem 7] for some examples.) The significance of these numbers ujd is 
that periods of any elliptic curve over Q with CM by Q(\/d) lie in i/frcud-Q. (See lfT4ll25]l .l 
In other words, the values of certain hypergeometric functions at singular moduli can be 
expressed in terms of periods of CM elliptic curves over Q. 


Theorem 1. Let s(t) be the Hauptmodul of Xq{\)/Wq that takes values 0, 1, and oo at 
the CM-points of discriminants —4, —24, and —3, respectively. Let Td be a CM-point of 
discriminant d such that |s(Td)| < 1. Then 


iFi 


1 5 3 

4 


; siTd) 



CJ_4 


/I 1 2 3 5 \ 

(^3,2’3’4’4’«(^rf)j 


e • Q. 


Likewise, let t{T) = l/s(r). If Td is a CM-point of discriminant d such that \t{Td)\ < 1, 
then 


2^1 




—-Q, 

W_3 


3 F 2 


1 1 

4’ 2’ 


3 5 7 


4’ 6’ 6 


; t{Td) 




The proof of the theorem will be given at the end of Section]^ 
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The parallel results in the cases of classical modular curves can be described as follows. 
Let Ai and A 2 be a basis for a lattice A in C with Im (A 2 /A 1 ) > 0, and for positive even 
integers fc > 4, let 

\eA,x^o 

Then Weierstrass’s equation for the elliptic curve C/A over C is 

= 4x3 _ 40G4(A)a; - 140G6(A). 

From the relations 

where r = A 2 /A 1 and are the normalized Eisentein series of weight k, we immediately 
see that for r € Q{Vd) n IHI+, IHI+ = {r € C : Imr > 0}, 

-Q, 

where fid is any nonzero period of any elliptic curve over Q with CM by Q(v^). Accord¬ 
ing to the Chowla-Selberg formula lfT4ll25l . we may choose 


\d\-l 

r 

a=l 



Xd(a)tJ'd/‘ihd 



Now from the classical identity 


E4{t) 


2 F 1 


1 5 1728^ 


we conclude that if r G Q{Vd) n IHI+, then 




1728 A nd ^ 


12’ 12’ ’ j-(t) J tt 


For instance, for t = i, we have j{i) = 1728, and Gauss’ formula for values of hypergeo¬ 
metric functions at 1 and the multiplication formula for the Gamma function yield 


F (L Ar(3/i2) 

^ ^Vi2’i2’ ’ ) r(ii/i2)r(7/i2) r(ii/i2)r(7/i2)r(3/i2) 

v^r(i/ 4 ) _ 31/4 fi _4 

“ (27r)3i/2-3/4p(3/4) - 

For a fundamental discriminant d < 0, one may use the Chowla-Selberg formula ll25l Page 

110 ] 

12h(i 

ri“i ’ 

where the product runs through the complete set of reduced primitive quadratic forms 
-f bjxy + Cjy^ of discriminant d with t, = {—bj + Vd)j2aj, and its generalizations 
to determine special values of hypergeometric functions. See for some examples. 

Now to determine the precise values of the hypergeometric functions in Theorem [T] at 
singular moduli, we shall realize the modular forms involved as Borcherds forms. Then 
evaluating these modular forms at CM-points using Schofer’s formula, we obtain formulas 
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for special values of hypergeometric functions. The results in the cases where there exists 
exactly one CM-point of fundamental discriminant d are given in the next theorem. In 
Section we will work out an example to illustrate a general technique to determine 
special values of the hypergeometric functions when there are more than one CM-points 
of discriminant d. 


Theorem 2. The evaluations 


2 F 1 

3 F 2 


1^24’24’ 4 ’ iVy ^uj- 4 ’ 
fl 1 2 3 5 ^ 2 

[ 3 ’ 2’ 3’ 4’ 4’ iVy “ 


hold for 


d 

M 


N 


A 2 

-120 

-7" 

33 

•5® 

12 + 2s/3Q 

45 

y 

-52 

2^ • 3’’ 


5® 


25 

6 

-132 

2^ • 11^ 


5® 

]^^\ll2 + 2^ 

75 

2s/22 

-43 

-3" • 7" 

210 

•5® 


100 

yr 

-88 

3" .7" 

5®. 

11® 

]^s/2^\J 10 + 2s/22 

275 

21^2 

-312 

1* ■ 23"^ 

5®. 

11® 

19, + 2^/^S 

9075 

161^2 

-148 

22.37.74 . Il4 

5®. 

17® 

]^^\JlA + 2s/fi 

7225 

231 

-232 

-37.74 . 11* . ig* 

5® • 23® • 

29® 

^ ^Vil5\J 16 + 2^^ 

383525 

43^Q 

-708 

2» . 74 . Ii4.474.592 

5® • 17® • 

29® 

i ^^2465\/30 + 2V177 

18228675 

3619VTT8 

-163 

-311.74.194.234 

2“ • 5® • 11® • 

17® 

i’yi870\/l3 + \/l63 

3496900 

27531 


Also, 


2F1 

3F2 


^24’24’6’7Vy 
/I 1 3 5 7_ M\ _ 
1^4’ 2’ 4’ 6’ 6’ ^y “ 


UJ-3 ’ 

F2^d 
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hold for 


d 

-84 

-40 

-51 

-19 

-168 

-228 

-123 

-67 

-372 

-408 

-267 


M 


-5-^ 


-2^ 


-3'’ • S'- 


21° • 5° 


-2i° • 5° 3' • 7“ • 11^ 

3° • 5° • 11° 2° • 7'‘ • 19 ^ ■ 31° 


_ 

2° • 7° 

3^ 

7* 

3^ 

7° • ll'i 
7"! • 19° 
74 . 194 


Bi 

+ V7 

\/2%/3 +v/IO 


10 + 2^/17 

- ^^^J6V3 + 2VW 

V7^y4 + %/l4 
^\/im^/l4~+2^ 


3? v4 


^a7?\/5V3 + Vct 


B 2 

71 

i 

133 

U 

231 


55 

^4774^6 + VM 

15717 

^7^\/22 + 27^ ^ 


20 


3° • 5° • 17° 


2 ib . 5 b . ^;^b 


Remark 1. Leti^i(s) = 2i^i(l/24, 5/24; 3/4; s), Gi{t) = ai^i(1/24, 7/24; 5/6; t), and 

F 2 {s) = 2^1(7/24,11/24; 5/4; s) = 3F2(l/3,1/2, 2/3; 3/4; 5/4; s)/F,{s) 

G2{t) = 2i^i(5/24,11/24; 7/6; t) = 3i^2(l/4,1/2, 3/4; 5/6, 7/6; l)/Gi(i) 

be the hypergeometric functions in Theorem]^ The Ramanujan-type identities obtained in 
ES can be written as 


i7is—Fi(s)°+i?2-Fi(s)° 
as 


RlS — F2is)^ + (i?l/2 + R2)F2{s) 

as 


s=M/N 


s=M/N 


= ^/IG\M\^/^NF^Gu 
= ^/R~3\M\F^N^/^Gf\ 


and 


i7if-Gi(f)° + i?2Gi(f)° 

at 


i?lf —G2(f)^ + (i?i/3 + i?2)G2(f) 

as 


t=M/N 


= v7R3|M|°/37v1/3G2, 


t=MIN 

for some rational numbers i?i, i? 2 : R 3 depending on d, where 




-1 
2 1 


Gi = 


4 TT _ 4 r(3/4)° 

7T211/.4 ~ 7T2r(i/4)2^ 


G 2 = 


3 TT 3 r(2/3)3 
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Combining these identities with the formulas in Theorem]^ we obtain special values for 
the functions 


ds ^ M^12’4’12’2’4’ y 216 V12’4’12’2’4’ / 

d 2 d„/73 11 35 \ 77 /19 7 23 59 \ 

~ ds^^^ V12’ 4’ l2’ 2’ 4’7 “ 360^^^ V12’ 4’ 12’ 2’ 4’7 ’ 
For instance, for d = —120, we have 


/13 5 17 3 7 7“^ \ 

^ ^ lvi2’4’12’2’4’“I^j 


36 . 59/4 

2 • 73 • 19 • 4 


+ 2 Vw)lo\20 



/19 7 23_ 5 9 7M 
lyT2’4’l2’2’4’~l^y 


37 • 523/4 . cc2 4 
77 • 11 • 19 


^242(2v/3- v/IO)a;2^20 



There are similar formulas for the functions 

/13 4 19 11 5 \ /17 5 23 13 7 \ 

^ ^ 1 ^ 12 ’ 3 ’ 12 ’ T’ 3’7 ’ ^ ^ 1 ^ 12 ’ 3 ’ 12 ’ T’ 3’7 ’ 


such as 

/13 4 19 11 5 27 \ 
^ ^ lvi2’3’i^’T’s’i^y 

^ /17 5 23 13 7 27 \ 
^ ^ i^l2’3’12’T’3’196/ 




Remark 2. Notice that the numbers Ai in the first table are all of the form + 

^/[d[)3/2 for some positive integer a and some rational number A whose denominator is 
2 or 4. In other words, the special values 2Fi(l/24, 5/24; 3/A; M/N) possess a certain 
integrality property. This integrality property is a consequence of Schofer’s work E4l and 
our explicit realization of modular forms as Borcherds form. On the other hand, if we can 
somehow manage to prove this integrality property without using Borcherds forms, then 
to obtain the identities in Theorem]^ we can just evaluate the hypergeometric functions to 
a high precision and identify the integers. Note that the prime factors of the numerator of 
A are either 2 or prime factors of N. This suggests that it may be possible to prove the 
integrality property using the moduli interpretation of the Shimura curve Xg (1). 

Remark 3. Note that the proof of Theorem [T] is certainly valid for other Shimura curves 
X//’ {N)/W, W being a subgroup of the Atkin-Lehner groups, or even Shimura curves 
over totally real fields. However, other than the cases of arithmetic triangle groups, as clas¬ 
sified in ESil . there are only a very limited number of Shimura curves whose Schwarzian 
differential equations are known (see uniEoi). 

To obtain analogues of Theorem|^for X^' (N)/W, one will need a method to construct 
Borcherds forms systematically. This is recently addressed in Ell, so there is no prob¬ 
lem in evaluating modular forms on X/^{N) jW at CM-points. However, we remark that 
this only translates to analogues of the 2731-evaluations. To obtain analogues of the 3 F 2 - 
evaluations, we will need to determine the constant C such that the linear combination 
/i -f C /2 of two solutions /i and 7 of the Schwarzian differential equation is a modular 
form. In general, this is a difficult problem. (For the case of Aig (1)/Wg, the constant C is 
determined by using Gauss’ formula 2 Fi{a, b;c;l) = r(c)r(c — a — 6)/r(c — a)r(c— b).) 
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If one wishes to further generalize Theorem|^to Shimura curves over totally real helds, 
one will need the theory of Borcherds forms over totally real helds, developed recently 
by Brainier and Yang Elia. As far as we can see, it should in principle be possible to 
obtain explicit evaluations at least for the case of arithmetic triangle groups. We leave this 
problem for future investigation. 


Remark 4. Notice that if a prime p divides M, then the hypergeometric series appearing 
in Theorem|^converges p-adically and one may wonder what the limit is. Our computation 
suggests the following p-adic evaluation. 

For a prime p, let rp(a;) be the p-adic Gamma function dehned by 

rp(n) = (- 1 )" n j 

0<j<n,p\j 


for positive integers n and extended continuously to Zp, and for a fundamental discriminant 
d < 0, set 





Consider the two hypergeometric functions in the hrst set of identities in Theorem]^ Other 
than the cases d = —52 and d = —132, the series converge 7-adically. Then the numerical 
data suggest that 


2F1 

3F2 


1 5 .3 L0d,7 

24’24’4’A^y 


11235 2 

3’ 2’ 3’ 4’ 4’ iVy “ 


hold with the same M and N, and 
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(There are many places where we need to take square roots of p-adic numbers. The table 
above means that after taking suitable choices of square roots, the identities hold conjec- 
turally.) 

Note that for a prime p and a fundamental discriminant d < 0, the p-adic number 

p appears in the matrix representation of the Frobenius automorphism on the de Rham 
cohomology ® Kp for an elliptic curve E over Q with CM by Q(-\/d), where 

p is the prime of Q lying over p and Kp is the algebraic closure of Qp in the completion of 
Q at p. (See ll2^ Theorem 3.15].) Note also that if the prime p splits in Q('/d), then Wd,p 
is algebraic over Q since a suitable power of ujd,p appears as the value of a certain p-adic 
Gaussian sum. (See El Theorem 1.12].) On the other hand, it is expected that when 
p is inert in Q(\/d), U!d,p is transcendental over Q. In our conjectural 7-adic formulas 
mentioned above, since the prime 7 is always inert in Q{Vd) (which is a consequence of 
Theorem 3.6 of ll^Tl l. we expect that ujd .7 is transcendental over Q for d given in the list. 


2. Realization of modular forms in terms of Schwarzian differential 

EQUATIONS 


Here we briefly explain the realization of modular forms on Shimura curves using solu¬ 
tions of Schwarzian differential equations. For details, see 13^ . 

Assume that a Shimura curve X has genus 0 with elliptic points and cusps ri,..., t^. 
of order ei,... ,6^, respectively. (Here we set ej = oo if tj is a cusp.) Let t(r) be a 
Hauptmodul for X and set aj = t(Tj). Then Theorem 4 of lf3^ shows that a basis for the 
space of modular forms of even weight fc > 4 is 

(1) t'{Tflh{Ty n j = 0,...,4-l, 


where 


dk = f — k 


E 

i=i 


1 - 


is the dimension of the space of modular forms of weight k on X. 

Now it is easy to check that t'{T) is a meromorphic modular form of weight 2 on X. 
Thus, and as functions of t, are solutions of a certain second-order linear 

differential equation with rational functions in t as coefficients. (See liZTl Theorem 5.1] or 
ll^ Theorem 1]. Here the coefficients of the differential equation are rational functions 
because f is a Hauptmodul.) In fact, this differential equation is 


( 2 ) 


^F- 

dE 


Qit)F = 0, 


where 


Q{t) 


1 {t,T} 

2F(t)2’ 




t'{T) 2\t'{T)) 


Because {t, r} is classically known as the Schwarzian derivative, we call the differential 
equation satisfied by t'yy/'^ and ^(t) the Schwarzian differential equation associated to 
the Shimura curve. If we let {/i,/ 2 } be a basis for the solution of (|^, then we have 
= (ci/i + C 2 / 2 )^ for some complex numbers ci and C 2 . Substituting this into Q. 
we obtain realization of modular forms in terms of solutions of Schwarzian differential 
equations. 
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When a Shimura curve is of genus zero and has precisely three elliptic points or cusps, 
the Schwarzian differential equation is essentially a hypergeometric differential equation. 
In particular, for the curve X = (1) jW^, we can realize modular forms on X in terms 

of hypergeometric functions as follows. 

We let B = Q + Q/ + QJ + QJJ with = -1, = 3, and IJ = -JI, be the 

quaternion algebra of discriminant 6 over Q and choose the embedding i : B ^ M(2,R) 
to be the one defined by 


t(/) = 



t(J) 


fV3 0 \ 

1 0 -VsJ ■ 


Fix a maximal order O = Z + ZI + ZJ + Z(1 + / + J + IJ)/2 in B and choose 
representatives of CM-points of discriminants —3, —4, and —24 to be 


P-3 = 


-1 + i 

T+7!’ 


P_4 = i, 


P-24 = 


(V6-V2)i 
2 


They are the elliptic points of orders 6, 4, and 2, respectively. A fundamental domain is 
given by 



Here the grey area represents a fundamental domain for Xq{\)/Wq. The four marked 
points on the boundary are P_ 4 , P_ 3 , P- 24 ^ and (2 — •\/3)i. 

We have the following bases for the spaces of modular forms on Ai® (1)/fFg- 


Proposition 5. Let s be the Hauptmodul on X = Xq{1)/Wq determined by s(P_ 4 ) = 0, 
s(P_ 24 ) = 1, and s{P- 3 ) = 00 . Then for an even integer k > A, a basis for the space 
Sk{X) of modular forms of weight k on X is 


s{3'=/8}(l_s){fc/4}5J 



(L 1.3. A 

^24’24’4 ’7 






(L 11. ^ 

^24’24’ 4 ’7 


k 


j = 0 , ..., dfe — 1 , where dk = dim Sk{X) = 1 — k + [fc/4j + [3A:/8J + [5/c/12j. 
Also, let t = 1/s. Then a basis for Sk{X) is 





1 ^^’ M’ 6’7 


^—2'7Ti(8 





\2i’ 6’7 


k 


j = 0 ,..., 4 - 1 - 
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Proof. The first part is the content of Lemmas 3 and 4 of llTSl . For the second part, the 
proof of Lemma 14 of 13^ shows that 


(3) t'{T) = 


C(P_3 - P-3) 

where 

P-; 

Now 

P-24 — P-3 


P-24 — P-3 


1 7 5 




5 11 7 


24’ 24’ 6 

P _24 - P -3 r(5/6)r(17/24)r(23/24) 

24 -P -3 r(7/6)r(13/24)r(19/24)- 

= (1-*) (l-^) =e-^"/S(y2-l). 

Also, by Euler’s reflection formula and Gauss’s multiplication formula, we have 


/r(17/24)r(23/24)y 
lvr(13/24)r(19/24 )) 


r(17/24)r(23/24)r(5/24)r(ll/24) 

r(13/24)r(19/24)r(l/24)r(7/24) 


sin(57r/24) sin(ll7r/24) 
sin(7r/24) sin(77r/24) 




and 

( s )(0 =■ 

From these, we deduce that 


r(5/6) r(17/24)r(23/24) 
r(7/6) r(13/24)r(19/24) 


6-2-2/3(v/2 + 1) 


6-2"^/3(v/2 + 1) 


6-2"^/®(v/2 + l) 


r(5/6)3/2 

r(i/6)3/2 

_ \ _r 

(27r)3/2 

r(2/3)3 


v/2 + 1 


and hence 


_-27ri/8 

(j ^ y_ 

^W^g’ 

Then from Q, we conclude that the second set of functions in the lemma forms a basis for 

Sk{X). □ 


For general Shimura curves, we can determine Schwarzian differential equations using 
Propositions 5 and 6 of ll^ and explicit covers of Shimura curves. In lf30l . Tu determines 
Schwarzian differential equations for the cases when {1)/Wd and {N)/Wd both 
have genus zero. 

We now give a proof of Theorem 

Proof of Theorem^ Here we only prove the second half of the theorem; the proof of the 
first half is similar and is omitted. 

Since f(r) is a Hauptmodul that takes rational values at three distinct CM-points, it 
takes algebraic values at all CM-points. Thus, by ll26l Theorem 7.1] and IIJTI Theorem 1.2 
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and (1.4) of Chapter 3], the value of t'{ t) at a CM-point of discriminant d is an algebraic 
multiple of . Then, from ([^, we see that 


2 F 1 


1 7 5 \ e-2"/® 




^ . 0 . 

UJ-3 


Without loss of generality, we may assume that lies in the fundamental domain depicted 
earlier. Then Equation (22) of ll36l implies that 


2^1(5/24,11/24; 7/6; t(rrf)) ^ 
2 F 1 (1/24, 7/24; 5/6; f(Td)) ‘^-3’ 


It follows that 


and 


113 5 7 


1 7 5 




24’ 24’ 6 




W_3 


-^2 ( 4’ 2’ 4 ’ 6 ’ 


J_ 5 


2 F 1 


— 


€ wi 


This proves the theorem. 


□ 


3. Realization of modular forms as Borcherds forms 


We first give a quick introduction to Borcherds forms. For details, see usiisi. 

Let L be an even lattice with a symmetric bilinear form (•,•) of signature ( 6 +, 6 “), 
= {7 G L 0 Q : ( 7 , p) S Z for all 77 G L} its dual lattice, and {crj : t] G LF /L} the 
standard basis for the vector space C[L'^/L]. Let 

= 2)eSL(2.Z)} 

be the metaplectic double cover of SL(2, Z), which is generated by 



Associated to the lattice L, we have the We;7 repreientafion Pi : SL(2,Z) —>■ GL(C[L'^/L]) 
defined by 


PL{T)er, 

PL{S)er, 


— p-27ri(?),?))/2 

— C , 


^27Ti{b'^—b )/8 

VWJL\ 


E 




'TGL^/L 


A holomorphic function F : IHI+ —>■ C[L'^/L] is said to be a weakly holomorphic vector¬ 
valued modular form of weight k € \l, and type if it satisfies 

for all T G IHI+ and all (“ (j) G SL(2, Z) and the principal part of its Fourier expansion 
F{'^) = Sr;(X)mGQ c,,(m)( 7 '")e,,, q = has finitely many terms, i.e., the number of 

pairs ( 77 , m) with m < 0 and (m) 7 *^ 0 is finite. 
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For fc = Q, K, or C, let V{k) = L ® k and extend the definition of (•, •) to V{k) by 
linearity. Define the orthogonal groups 

Oy(K) = {(T S GL(y(M)) : {ax, ay) = {x, y) for all x,y £ 1^(R)} 

and 

Oy(IR) = {a G Oy(M) : spincr = sgn deter}, 
where if a is equal to the product of n reflections with respect to the vectors vi,..., 
then its spinor norm is defined by spin cr = (—1)" nr=i Let also 

Ol = {cr e Ov(K) : cr(L) = L}, =OLr] 

(Note that the definition of spinor norms is different from that of Q since the bilinear form 
in our setting differs from that of Q by a factor of — 1 .) 

From now on, we assume that the signature of L is (6, 2). Let Gr(F(IR)) be the Grass- 
manian of oriented negative 2-planes in y(M). For an element A in Gr(F(IR)), we can 
find an oriented basis {x,y} for A with {x,x) = {y,y) = —1 and {x,y) = 0. Let 
z = X + iy G V (C). Then we have {z, z) = 0 and (z, z) < 0. In fact, it is easy to show 
that Gr(y (K)) can be identified with the set 

K = {zG V{C) : (z, z) = 0, (z, z) < Oj/C^ . 

The set K has two connected components, which amount to the two choices of continu¬ 
ously varying orientation of negative 2-planes in V (M). Pick one of them to be . Then 
the orthogonal group Oy(IR) acts transitively on Let 

= {z gV (C) : (z, z) = 0, (z, z) < 0, [z] G K~^}- 

Then for a subgroup F of O}}, a meromorphic function rk ; P^(C) is called a 

modular form of weight k with character x on F if Ti satisfies 

(1) T'(cz) = c“^'k(z) for all c G and z G iT+, and 

(2) '^{gz) = xi9)'^{z) for all g G F and z G K^. 

Theorem A (||5] Theorem 13.3]). Let L be an even lattice of signature (b,2) and F{t) 
be a weakly holomorphic vector-valued modular form of weight 1 — 6/2 and type pL with 
Fourier expansion F{t) = F',,(T)e^ = Z,,(ZmGQ Suppose that 

Cj^{m) G Z whenever m < 0. Then there corresponds a meromorphic function T'^(z), 
z G K^, with the following properties. 

( 1 ) 'kp’(z) is a meromorphic modular form of weight co( 0)/2 on the group 

Ot.F = W&0+: F,ri = Fr^for all g G L'^/L} 

with respect to some unitary character x ofO'^ p. 

(2) The only zeros or poles o/T' f{z) He on the rational quadratic divisor A"*" = {z G 

: (z, A) = for X G L, (A, A) > 0 and are of order 

XI Crx{-r‘^{X,X)/2). 

0 <T-GQ,rAGi^ 

We call the function the Borcherds form associated to F{t). 

We now explain the idea of realizing modular forms on Shimura curves in terms of 
Borcherds forms. Even though this idea has been used in 03, it seems to us that some key 
properties were not explained very concretely in ifTSll . For instance, it was not explained in 
ini why the characters associated to the Borcherds forms constructed therein are trivial. 
Therefore, it is worthwhile to explain this approach in some details. 
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Let O be an Eichler order of level N in an indefinite quaternion algebra B of discrimi¬ 
nant D over Q, (TV, D) = 1, Oi be the group of norm-one elements in O, and 

L = {a G O : tr{a) = 0} 

be the set of elements of trace zero in O, where tr{a) and n{a) denote the trace and the 
norm of a, respectively. By setting {a, (5) = tr{a/3'), L becomes a lattice of signature 
(1, 2), where j3' denote the quaternionic conjugate of (3 in B. We now determine Ol and 

ot- 

By the Cartan-Dieudonne theorem, every isometry a in Oy (K) is equal to the product 
of at most three reflections. Now it is clear that for an element of nonzero norm a in 
L(M), the function Tq, : 7 —)■ —a'ya~^ sends a to —a and leaves any element of L(M) 
orthogonal to a fixed. (Here we regard V (M) as the set of trace-zero elements in the 
quaternion algebra B 0 R and define multiplication and inverse accordingly.) In other 
words, Tq is the reflection with respect to a. Thus, cr has determinant 1, i.e., cr is the 
product of an even number of reflections, if and only if cr is the isometry cr^ ; 7 — 
induced by the conjugation by an element /? of nonzero norm in i?(g)IR and cr has determine 
— 1 if and only if cr = —ap for some /3. From this, we deduce that 

Ov{R) = {(Tp ■ P G (B(g)M)/M^, n(/3) 7^0} x {±1} 

and 

C>+(K) = {ap-.l3G {B®R)/R^, n{l3) > 0} x {±1}. 

In addition, by the Noether-Skolem theorem, if ap, 13 G B ^R, satisfies cr^(y(Q)) = 
V (Q), then [3 can be chosen from B. It follows that 

Ol = {ap ^ G NB{0)/q^} X {±1} 


and 

Ot = [ap ■. (3 G N+{0)/q^} X {±1}, 

where Nb{0) denotes the normalizer of O in i? and N't (O) is the subgroup of elements 
of positive norm in Nb {O). 

Now assume that the quaternion algebra B is represented hy B = with a,5>0. 

That is, i? = Q -f Q/ -I- QJ -f Q/J with = a, = b, and IJ = —JI. Fix an 
embedding c : B > M(2, M) by 


i:I ^ 






We can show that each class \n K = {z G L(C) : {z, z) = 0, {z, z) < 0}/C^ contains a 
unique representative of the form 


(4) 


t(r) = 


1 - 


2 \/a \/b 2'/ab 

for some r G H^, the union of the upper and lower half-planes, and the mapping t —t- 
z{t) mod is a bijection between and K. Let be the image of IHI+ under 
this mapping. Now the group Nt {0)/Q^ acts on IHI+ by linear fractional transformation 
through the embedding l and also on by conjugation. By a straightforward computa¬ 
tion, we can verify that the actions are compatible. To be more concrete, for a G Nt{0), 
if we write t{a) = (cj 2 )’ '^hen for all r € IHI+, we have 


1+T^ 


IJ 


(5) 


az{T)a = 


(csT -f C4t ( ClT -I- C2 


i(a) 


Car -I- C4 
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Thus, if T* (z) is a meromorphic modular form of weight k on with character x, then 
the function 'iP{t) defined by ' 0 (t) = T'(z(t)) is a meromorphic modular form of weight 
2k with character on the Shimura curve Ng Since the group Ng {O)/ (Q^Oi) 

contains the Atkin-Lehner group, we find that ^p{T) is a modular form on X^{N)IWd,n, 
the quotient of the Shimura curve X^{N) by the group Wd,n of all Atkin-Lehner invo¬ 
lutions. In particular, we have the following lemma. 

Lemma 6 . Let F{t) = weakly holomorphic vector-valued 

modular form of weight 1/2 and type pL such that Ogp = Og and c,j{m) € Z when¬ 
ever m < 0. Then the function ippir) defined by V’fC't) = is a meromor¬ 

phic modular form of weight Co(0) with certain unitary character x on the Shimura curve 

X^{N)/Wd,n. 

We now determine the divisor of fipir). According to Borcherds’ theorem, the divisor 
of is supported on A"'* for A € L with positive norm such that Cr\{-r‘^n{\)) f 0 

for some positive rational number r. Now suppose that A is such an element of L. The 
condition (A, z) = 0 implies that AzA~^ = —z = z mod C^. That is, A-*‘/C^ consists 
of the point z\ in K~^ fixed by the action of A and the corresponding point t\ in IHI+ 
is a CM point. Let E = Q(\/—n(A)) and f : E —S’ B be the embedding determined 
by n(A)) = A. Then the discriminant of this CM-point is the discriminant of the 

quadratic order B in E such that (j>{E) 0 0 = (j){R). Note, however, that if the CM- 
point T\ happens to be an elliptic point of order e, then the projection K'^ ~ IHI+ —> 
^0 {^)IWd,n is locally e-to-1 at tx. Thus, the order of the modular form fipir) at t\ is 
1 /e of that of p{z) at za- 

In practice, to have a simpler description of the divisor of 'ijjp{T), we often assume 
that the weakly holomorphic vector-valued modular form E has the property that the only 
r] G L'^/L such that c^(m) f 0 for some m < 0 is 0. In such a case, if we assume that A 
is primitive, that is, Ajn O for any positive integer n > 2, then the discriminant of the 
CM-point Tx is either —n(A) or —4?z(A), depending on whether (1 -f A)/2 is in O or not. 
In summary, the divisor of fpir) can be described as follows. 

Lemma 7. Let F(t), p{z), and iPp^t) be as in the previous lemma. Assume in addition 

that the only rj G Lf /L such that Cri{m) f 0 for some m < 0 is 0. Then we have 

divt/>F = V co(m) V —^— V T, 

m<0 ,4mlis a discriminant ' TGCM(4m/r^) 

where for a negative discriminant d, CM((i) denotes the set of CM-points of discriminant 
d (which might be empty) and Cd is the cardinality of the stabilizer of t G CM(d) in 

N+(o)/q^. 

We next determine when the character of a Borcherds form iPp{t) is trivial, under the 
assumption that the genus of ((!1)\IHI+ is zero. 

Lemma 8. Assume that the genus of X = NI(0)\M.~^ is zero. Let ti,. .. ,Tr be the 
elliptic points of X and assume that their orders are bi,... ,br, respectively. Assume 
further that, as CM-points, the discriminants o/ti, ... ,Tr are di,... ,dr, respectively. Let 
Orj(,tn)q^)erj be a weakly holomorphic vector-valued modular form of 
weight 1/2 and type pp such that O'! p = and c,,(m) G Z whenever m < 0. Assume 
that Co(0) is even. Then the character associated to the modular form ippi^r) is trivial if 
and only if for all j such that bj f 3, the order o/T'f(z) at z(Tj) has the same parity as 
Co(0)/2. 
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Proof. Let 71 ,..., 7 ^ be generators of the stabilizer subgroups of ti ,..., t,. in the group 
r = Ng{0)/Q^. Since X is assumed to be of genus zero, the group L is generated by 
7 i,..., 7 j. with a single relation 


( 6 ) 


7i ... 7 ^ = 1, 


after a suitable reindexing. (See ifTSl Chapter 4].) 

Recall that the order of an elliptic point can only be 2, 3, 4, or 6 . Also, an elliptic point of 
order 3 or 6 is necessarily a CM-point of discriminant —3 and a CM-point of discriminant 
—3 is an elliptic point of order 3 or 6 depending on whether 3 \ DN or 3\DN. In particular, 
an elliptic point of order 3 and an elliptic point of order 6 cannot exist at the same time. 
Moreover, on {N)/Wo,n, there can be at most one CM-point of discriminant —3. 
Likewise, an elliptic point of order 4 is necessarily a CM-point of discriminant —4 and 
on Xq {N) /Wd,n there can be at most one such point. Therefore, there are at most two 
elliptic points whose orders are different from 2 . 

Consider the case where there is one or zero elliptic point whose order is different from 
2 first. By (|^, to show that the character x associated to the modular form V'f(''‘) is trivial, 
it suffices to prove that xipij) — 1 for j with hj = 2 . 

Observe that for j with bj = 2, Xj is an element of order 2 in L and hence of trace zero 
and positive norm. Now by the compatibility relation Q, if we write t( 7 j) = {cl cl) and 
set k = co(0), then 


V'F 


/ CiT + C2 \ 
\C 3 T + C 4 J 


41 p 


n{lj) 

{csT + C4)2 




(C3T -f ct)^ 
n(7j)^/2 


{ljZ{T)lj ■ 


Let tTj be the element of that corresponds to the reflection with respect to jj. We have 
(jj : z ^ Being a reflection, Uj acts on as -|-1 or —1, depending on 

whether 4'p’(z) has an even order or an odd order at the fixed point z{Tj) of aj. Thus, 
assuming the order of at z{Tj) has the same parity as k/2 = co(0)/2, we have 


ir 


/ CiT-|-C2 \ 
VC 3 T -I- C 4 / 


(c3T-fC4)'= , , ,, {csT + Ci)'^ 


n(7j)^/2 




Therefore, if the order of at z{Tj) has the same parity as k/2 = co(0)/2 for all j 

with hj = 2, then 'i/'f(f) is a modular form with trivial character on X. 

Now consider the remaining case where there are two elliptic points of order different 
from 2. By the remark made earlier, the orders of these two elliptic points can only be 3 
and 4 or 4 and 6 . By the same argument in the previous paragraph, we find that, under 
the assumption of the lemma, for all j with bj even, we have = 1 - ft follows 

that if bj = 4, then x(7i)^ = 1 ^tid if bj = 3 or bj — 6 , then xilj)^ = 1- Since 
x( 7 i)... xilr) = 1, we conclude that xi'lj) = 1 for all j. This proves the lemma. □ 


For the case of Xq{1)/Wq under consideration, there are three elliptic points of order 2, 
4, and 6 , respectively. They are CM-points of discriminants —24, —4, and —3, respectively. 
The proof of the above lemma gives us the following criterion for a Borcherds form ipp (t) 
to be a modular fonn with trivial character on Xq{1) /Wq. 










16 


YIFAN YANG 


Corollary 9. Let O be a maximal order in the quaternion algebra of discriminant 6 over 
Q and L be the lattice formed by the elements of trace zero in O. Suppose that F{t) = 
Cr/(w)g™)er, is a weakly holomorphic vector-valued modular form of weight 1/2 
and type such that Crj{m) € Z whenever m < 0 and O'j^ p = Op. Assume in addition 
that 

( 1 ) the only rj € L'^/L such that Ofor some m < 0 is 0 , and 

(2) co( 0 ) is even and 

co(m) = co(m) = co( 0)/2 mod 2 . 

Then the Borcherdsform V'F('r) = is a modular form of weight Co(0) and trivial 

character on the Shimura curve (1)/^ 6 - 

Finally, we introduce Errthum’s method for constracting F{t) satisfying the conditions 
in the lemma above na. Here we consider general Eichler orders in an indefinite quater¬ 
nion algebra over Q. 

The first lemma shows that we can construct F{t) out of a scalar-valued modular form 
with suitable properties. To state the required properties, we let X9 denote the character 
associated to the Jacobi theta function 9{t) = Xe is the character 

satisfying 

= xb{i)(ct + df/'^e{T) 

for all 7 = (“ ^) G ro(4) and all r G IHI+. Eor a scalar-valued modular form /(t) of 
weight /c G on To{M) and 7 = (“ ^) G To{M), we let 

f\.yir) = {CT + d)-^f{jT). 

We observe that the level M of the lattice L is always a multiple of 4 for any D and N. 

Lemma 10 (13 Theorem 4.2.9]). Let M be the level of the lattice L. Suppose that f{T) is 
a weakly holomorphic scalar-valued modular form of weight 1/2 such that 

filT-) = Xe{l){cT -f 

for all y = (“^) GFo [M). Then the function Ff (r) defined by 

(7) Ffir) = f\..^{T)pL{l~^)eo 

7Gro(M)\SL(2,Z) 

is a weakly holomorphic vector-valued modular form of weight 1/2 and type p^. 

Lemma 11 ( ifTSi Proposition 5.4]). Suppose that the weakly holomorphic modular form 
f{T) in the above lemma has a pole only at the infinity cusp. Then the Fourier expansion 
7^/(''’) = Cri{'m)q^)erf satisfies Crjijn) = 0 whenever 7 7 ^ 0 and m < 0 . 

Lemma 12 ( ifTSl Theorem 5.8]). Let fir) and Ffir) be given as in the previous lemmas. 
Then for any rj, p' G L'' with (p, p) = {p', p'), the Crj-component and the Cri'-component 
of Ffir) are equal. Consequently, we have Op p^ = Op. 

It remains to construct scalar-valued modular forms /(r) satisfying the condition in 
Lemma [TOl 

Lemma 13 (ISl Theorem 6.2]). Let M be the level of the lattice L. Suppose that rd, d\M, 
are integers satisfying the conditions 

(i) Sd|M = 1’ 
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(2) |L^/L| ri(i|M ^ square in ( 


(3) X]d|M mod 24, and 

(4) Y.d\M{^ld)rd = 0 mod 24. 

Then JldlM weakly holomorphic modular fonn satisfying the condition for 


/(r) in Lemma 10 


We now consider the case of 2fg (1)/We. 


Proposition 14. Consider the case (1)/We. Let 

r]{2T)r]{3T)^T]{AT)*r]{6T)‘^ T]{T)r]{2T)^T]{6T)^ 

?7(12r)i° r]{3T)r]{4T)r]{12T)^ 

and 

^ ^ r]{T)r]{2Tfr]{6Tf 
?7(3r)?7(4r)?7(12r)^ 

Let Ff (r) and Fg (r) be defined as in Q. Then (r) andipp^ (r) span the one-dimensional 
spaces of holomorphic modular form on Xg (1)/We of weight 8 and 12, respectively. 


Proof The two eta-products were found in lfT3l Page 848]. Here we give a quick explana¬ 
tion. 

In the case of Xg(l)/We, the lattice L has level 12 and \Lf /L\ = 72. The two eta- 
products clearly satisfy the four conditions in Lemma [T3] Now the congruence subgroup 
rg(12) has 6 cusps, represented by 1/c, c|12. The orders of the eta functions ri{dT) at 
these cusps, multiplied by 24, are given by the table. 



1/1 

1/2 

1/4 

1/3 

1/6 

1/12 

p(t) 

12 

3 

3 

4 

1 

1 

0(2t) 

6 

6 

6 

2 

2 

2 

0(4t) 

3 

3 

12 

1 

1 

4 

v(3t) 

4 

1 

1 

12 

3 

3 

0(6t) 

2 

2 

2 

6 

6 

6 

p(12t) 

1 

1 

4 

3 

3 

12 


From the table, we see that the two eta-products have only a pole at the cusp 1/12 ^ 
the divisors of fip^fy) and 'fp^fy) are determined by the bq- 


Thus, by Lemma 


11 


components of the Fourier expansions of Fffy) and Fgfy). Since /(r) = 2q~^ — 6 — 
18g -!-••• and gfy) = 2q~^ —2 — 8q-\- 8q^ + • • •, the eo-components of Fffy) and Fgfy) 
are 

2q ^ -f Cg -f • • • , 2q ^ -f dg -f • • ■ 


for some cq and dg, respectively. The numbers cq and do are complicated to compute 
directly from the definition of Ff and Fg. Here we observe that, by Lemma|^ 

div?/F^(r) = ip_ 3 , div = ^P_4, 

where P _3 and P _4 denote the unique CM-points of discriminants —3 and —4, respec¬ 
tively. (Note that there does not exist a CM-point of discriminant —12 on Xg(l)/W6.) 
Therefore, the weight of ipp^ (r) must be 8 and the weight of ipp^ (t) must be 12. In other 
words, we have cq = 8 and do = 12. Then, by Corollary fipj (t) and i/jCf (t) must be 
modular forms on Xg (1)/W6 with trivial characters. This proves the proposition. □ 
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Combining Proposition]^ and Proposition [l4] we find that 


( 8 ) 


(t) = Cl 



{]_ 1.3. \ 
^24’24’ 4’7 


+ 




,l/4„ 


f7_ 11 5 \\ 
^24’ 24’ 4’7 j 


and 


(9) 


i’F, (r) = Ca 



V 24 ’ 24’ 6 J 


g-27ri/8 





V 24 ’ 24’ 6 J 
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for some complex numbers Ci and Ca- To determine the absolute values of these two 
numbers, we shall use Schofer’s formula for values of Borcherds forms at CM-points. 


4. Schofer’s formula for values of Borcherds forms at CM-points 


Let O be an Eichler order of level N in an indefinite quaternion algebra of discriminant 
D over Q. Throughout this section, we assume that the level N is squarefree and the 
symbol d always denote a negative fundamental discriminant. Let L = {a £ O ■. tr{a) = 
0} be the lattice of signature (1, 2) formed by the elements of trace 0 in O. We retain all 
the notations (•, •), 14(Q), 14(M), 1/(C), K, K~^, Ol, Ol,f, and etc. used in the previous 
section. Here let us summarize Schofer’s formula Il24l for average values of Borcherds 
forms at CM-points first. The explanation of the terms involved will be given later. 


Theorem B (||24| Corollaries 1.2 and 3.5]). Let F{t) = ^ 

weakly holomorphic vector-valued modular form of weight 1/2 and type pL such that 
O'j^ F — Cri{m) £ Z whenever m < 0. Let T'f(-z) be the Borcherds form associ¬ 

ated F(t) andippiT) — 'Lf(-z(t)) be the modular form of weight co{0) on X^{N)/Wd,n 
as described in Lemma^ where z{t) is given by Q. Let d < 0 be a fundamental discrim¬ 
inant such that the set CM(d) of CM-points of discriminant d is not empty and that the 
support o/div does not intersect CM((i). Then we have 


^ log V'F(T)(Imr )"«(°)/2 

rGCM(d) 


|CM(d)| 

4 


E E c^{-m)K^{m) + co(0)(r'(l) -f log(27r)) j . 

yr/eL''/Lm>0 


Remark 15. (1) Note that the formula given in ll24l is valid for Borcherds forms as¬ 

sociated to lattices of general signature (n, 2). Here we have specialized the for¬ 
mulas to the cases under our consideration. Note also that in ll24l . the left-hand 
side of the formula has in place of '0F(T)(ImT)‘^°(°^/^, where 

z = X + iy £ and |y| = \/\{y, y) |. By a direct computation, we find that 
for z = z(t) given in 0, we have \y\ = Imr. Notice that in general, for any 
modular form V’(t) of weight fc on a Fuchsian subgroup T of SL(2,K), we have 

mr )fc/2| fQj. ajjy ^ g ][j+ .y g p. xhus, the 
left-hand side of the formula does not depend on the choice of representatives of 
the CM-points. 

(2) Let Xd be the Kronecker character associated to the field Q(v/d) and 


Udl) 



Hs,Xd) 


L{s,Xd) 
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be the complete L-function associated to Xd- In ll24ll . the term ko( 0) was given as 


Ko(0) = 2 


A(l,Xd) 


under a certain assumption. (Note that our definition of A(s, Xd) is different from 
that in ll24ll .') Later on, we will prove that for the cases under our consideration, 
we have 


Ko(0) = 2 


A'(l,Xd) 

A(l,x<i) 


Y] ^^-4iogp+ V logp, 

p\D/{D,d) ^ p\N/{N,d) 


where the last two summations run over all prime divisors p of D/{D,d) and 
N/{N, d), respectively. 

(3) From the functional equation A(s, Xd) = A(1 — s, Xd) for A(s, Xd), we deduce 
that 


( 10 ) 


2AUM = log - - r'(l) - 
K{l,Xd) ®|d| L{0,xd)' 


By the Chowla-Selberg formula, we have 

|d|-i 


,L'(0,Xd)/2L(0.Xd) _ _A 




Xd{a)iid/ihd 


= ^d- 


This shows that the value of a suitable modular form of weight k on Xq (N)/Wd,n 
at a CM-point of discriminant d will be an algebraic multiple of agreeing with 
the results of ll26l and IS). 


We now explain what the terms (to) are. Recall that each CM-point r of discriminant 
d corresponds to an embedding </> : Q(x/d) —^ B such that ^(Q(x/d))n(!l = (j){Rd), where 
Rd is the imaginary quadratic order of discriminant d. To be more precise, r is the common 
fixed point of 4>{Rd) in the upper half-plane. Let A = 4>[-\fd). Then A is an element of 
positive norm in L and the set (7 = A-*- = {a S L(Q) : (A, a) = 0} is a negative 2-plane 
isomorphic to Q(-\/d) in the sense that there is an isomorphism h : U ^ Q{Vd) as vector 

spaces over Q and a negative rational number c such that c(a, /?) = trQ^^\h{a)h{l3)) 
for all a, ^ € U. 

Let L_|_ = L n QA and L_ = LnU. We have 

L++L_ CLcL'^ cLX+L)(. 

For p G L'^/L-, let : 17 —> C be the characteristic function of p + L_. Then for 
each p G L'^/L-, we have the incoherent Eisenstein series i?(r, s; 1) of weight 1 
EQllIIlEllEll- Write T = u + iv and let 

E{t, s; (pfd, 1) = X! ^^(5^ 

m 

be the Fourier expansion of E{t, s; ifift,!)- The Eisenstein series E{t, s; 1 ) vanishes at 
s = 0. Thus, 

A^{s, TO, v) = bf^(m, v)s + O(s^) 
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near s = 0 for some function v). We define 

{ lim ifm > 0 , 

v—*-oo 

lim ( 6 o( 0 , f) — log?;), if m = 0 and ^ = 0 , 

V—^OO 

0 , else. 

Then the term Krj{m) in Schofer’s formula is defined by 

( 12 ) Knim)= Y ( 2 ^’ 2 ;)/ 2 ), 

where for /i G L/(L+ + L_) and rj G L'^/L, we write /? = + ^_ and r] = rj^ + 

T]- with /?_!_,? 7 + G QA and H-,ri- G U. The terms look very complicated, but 

nonetheless are computable using the fact that A^(s, m, v)q"^ can be written as a product of 
local Whittaker functions Il20ll2ni22ll . which can be computed using formulas in ll22l[^ . 
Here we briefly describe a general strategy to compute A^(s, m, v) and k~ (m) efficiently, 
following lfT3ll22ll . 

In general, for p G L'^/L-, we have A^(s, m,v) = 0 unless (p,, p)/2 — m G Z and 
when (p, p)/2 — TO G Z holds, we have 


(5, TO, ?;);^ — ^ “f ff^m,oo (?”,-5) ff (- 5 , , 

p<oo 


where 



if p = 0 and to = 0 , 
else. 


and Wm,oo{T, s) and Wm,pis, ipp.,p) are the local Whittaker factors at oo and p, respec¬ 
tively. (See II 20 I Section 2].) Let A be the discriminant of the lattice L_. When a prime 
p does not divide A and the p-adic valuation Vp{m) is zero. Equation (4.4) and Theorems 
4.3 and 4.4 of l22l yield 


Wm,p{s, ipp^p) — 7p(l Xd{p)p ), 


where 700 and jp are certain explicit constants that do not have any effect on the calculation 
since 700 Hp 7p = 1- Therefore, assuming to > 0, letting 

(13) Sm,p = {p- p| A or Vp{m) > 0}, 

and using the formula for Wm,oo in Proposition 2.3 of ll22ll . we And 


Af^{m,s,v) 


27r 

L{s + l,Xd) 


n 




As Ap{Tn,0,v) = 0, there exists at least a prime p' in S'm,p such that Wm,p'(0, <p^,p). 
Taking the derivative of the above expression and evaluating at s = 0, we obtain the 
following lemma. 


Lemma 16. Assume that to > 0 and let all the notations be given as in the discussion. We 
have 


( to ) 


Pd\/W\ ^m,p' ( 0 > Pu,P') 
hd 1 - Xd{p')/p' 


n 

pGSm,f.L.P^p' 


1 - Xd{p)/p 


where p^^ and hd denote the number of roots of unity and the class number of Q{s/d), 
respectively. 
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This is essentially Theorem 6.3 of 03. We now consider the term Kq (0). If the dis¬ 
criminant A of L_ is precisely |d|, then, again, Theorems 4.3 and 4.4 of show that 

T/t/ ' 1 - ^-Xdip)p~^~" 

Wo,p[s,po,p} — ^ 

so that 


Xdip)p 

A(s + l,x 


and 


Xd) 


wo ^ 1 , A'(lWd) A'(0,xd) , , ,.,A'(l,Xd) 

Oq (0, !>) = log t; + -Yj-^ -^-^ = log t; -I- 2 - 


(See ll24l Lemma 2.20].) 

In general, the discriminant A of L_ may not be exactly |d|. Let 

S = {p: p\{A/d)}. 

Then we have 

,.4) 4„(.,o„). n 


peS 


1 - Xd{,p)p 


Let G{s) denote the product on the right. Since Ao(0, 0, v) is identically 0, we must have 
G(0) = 1. From this, we deduce the following lemma. 

Lemma 17. Let all the notations be given as above. We have 


^0 ( 0 ) = 2 ,,, ^ - 37 logG(s) 


s=0 


A(l,xd) ds 

We now determine G(s) for the cases under our consideration. In the following lemma, 
for a prime p, we let Lp = L_ (g)z Zp- 

Lemma 18. Let all the notations be given as in the preceding discussion. Assume that the 
level N of the Eichler order O is squarefree and that d < 0 is a fundamental discriminant. 
(1) Let p be an odd prime. Then there exists a basis {ii, (. 2 } for Lp and ei^e 2 G Zp 
with €162 = —d such that the Gram matrix ((fi, f'j)) is equal to 


P 


ifp\{DN, d) orifp\DN, 
ifp\DN but p \ d. 


ei 0 \ 

,0 

ei o' 

,0 £2, 

(2) Assume that d = 0 mod 4. Then there exists a basis {f 1 , £ 2 } for L 2 and € 1,62 G ^2 
with £162 = —d/4 such that the Gram matrix is 

'ei O' 

.0 £2, 

(3) Assume that d = 1 mod 8 (and 2 \ D). Then there exists a basis {ii,i 2 } far L 2 

m mati 

^0 1 ' 


and £ G Zj such that the Gram matrix is 


2 e 


1 0 


, ifm, 

if2\N. 
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( 4 ) Assume that d = 5 mod 8 (and 2 ] N). Then there exists a basis for L 2 

and e £ Zj such that the Gram matrix is 






if2\D, 


Proof. Assume that p is an odd prime. Consider the case when p divides DN first. There 
exists a basis {ei, 62,63} for L ® Zp such that 

0 0 \ 

((e*,ej))= 0 2p2P 0 

\ 0 0 2piiJ,2P/ 


where pi and p ,2 are elements in Z^ with the property that the Hilbert symbol {—pi , —p 2 p)p 
is 1 or —1 depending on whether p|A^ or p\D. 

Assume that A = CiCi + 0262 + 0363 . If p\d, then we have p|ci and at least one of 
C 2 and C 3 must be in Z^ . Without loss of generality, we assume that C 2 £ Z^ . Then Lp 
is spanned by — 02/2261 + {ci/p)pie 2 and 63/2162 — 6263 . The Gram matrix of Lp with 
respect to this basis has determinant —{2c2PiP2)‘^d. It follows that there is a basis {£ 1 , ^ 2 } 
for Lp such that ((£i, ij)) = ( ) with the properties ei, 62 £ Zp and 6162 = —d. 

If p\ d, then p | ci. We hnd that Lp is spanned by —C 2 P 2 PG 2 + 61/2162 and — 63 / 22 P + 
6163 . The Gram matrix of Lp with respect to this basis is inside pM(2,Zp) and its de¬ 
terminant is —{2cipip2p)^d. It follows that there exists a basis {£i,£ 2 } for Lp such that 
i{£i,£j)) = ( e°p) with 61,62 £ Zp and 6162 = —d. The proof of the case p | DN is 
similar and is omitted. 

Now consider the case p = 2. If 2 -j" DN, then O Z 2 is isomorphic to M(2, Z 2 ). 
Thus, we may assume that L 02 Z 2 is {a £ M( 2 ,Z 2 ) : fr(a) = 0} so that ei = (g _?i), 
62 = ( 00 ), and 63 = (5 0 ) form a basis for L 02 Z 2 . Let ci, 62 , 63 be the elements in Z 2 
such that 


6161 + 6262 + 6363 — 



if d = 1 mod 4 , 
if d = 0 mod 4 . 


When d = 1 mod 4 , the element A satishes (1 + A )/2 £ O 0 Z2, which implies that 2 -j" ci 
and 2 |c 2,63. Therefore, the lattice L2 = L- Ciz ^2 is spanned by —(c2/2)ei + 6163 and 
— (63/2)61 + 6162. The Gram matrix relative to this basis is 


( -ci/2 -Cj - 62 C 3 / 2 \ 

V-c? - 6263/2 -ci /2 J 


with determinant —Ci{ci + 6263) = —d mod 8. By Lemma 8 . 4.1 of Co), there is a basis 
{^1, ^2} for L2 and e £ Zj such that the Gram matrix is 


6 1 ^ ^ I , if d = 1 mod 8, 

1 o' 

2 

6 I ^ I , if d = 5 mod 8. 


1 2 , 

If d = 0 mod 4 , then 62 and 63 cannot be both even since —cf — 6263 = —d /4 = 
1 , 2 mod 4 . Assume that 2 -j" 62. Then L2 is spanned by 6261 — 20163 and 6262 — 6363. The 
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Gram matrix with respect to this basis is 

/-2c| 2 ciC 2 \ 

\^2ciC2 2 C 2 C 3 J ■ 

It follows from Lemma 8.4.1 of cni that there exists a basis £ 2 } for L 2 such that the 
Gram matrix is 

Ko .1 

with ei, £2 € Z 2 and eie 2 = —d/4. This proves the case 2 | DN. 

The proof of the case 2\DN is similar. We remark that when 21TV, we have O 02 '^2 — 

( Z 2 ) when 2|D, we have i? 0 Q 2 ~ ( ~q~^ ) and the maximal order in 

is Z 2 + Z 2 / + Z 2 J + Z 2 (l + / + J + /J)/2. The rest of proof is similar to that in the 
other cases and is omitted. □ 

Corollary 19. Let all the notations and assumptions be given as before. Let 

r= p. 

p\DN/(DN,d) 

Then the Gram matrix of L_ is equivalent to —rM for some positive definite integral 
matrix M of determinant |d|. In particular, the discriminant of L- is r^\d\. 

Lemma 20. Assume that N is squarefree and d < 0 is a fundamental discriminant. Let 
Xd, A(s, Xd), A, L^, and L_ be defined as above. Let K~{m) and Kriiin) be defined as in 
GB and respectively. Then we have 


Kq (0) = Ko(0) = 2 


A'(l,Xrf) 

A(l,Xd) 


E 


p\D/iD,d) - 


P- 1 

1 


logp- 


E 

p\N/{N,d) 


where the two sums run over prime divisors of D/{D, d) and N/(N, d), respectively. 

Proof. Consider the case when an odd prime p divides DN/{DN, d), i.e., p\DN, but p\ d. 
By Lemma 


18 


the Gram matrix of Lp = L_ Zp is equivalent to p (“j/ ) for some 

£ 1 , £2 S Zp with £i £2 = —d. We shall apply Theorem 4.3 of ll22l with p = 0 and to = 0. 
Using the notations in Section 4.2 of ll22ll . we have = {1, 2}, Kq{p) = 00 , 


Lp{k) = 


{1,2}, if/c is even, 
0, if k is odd. 


dpik) = 1 for all k, e^fk) = Xd{pr tp^{in) = 0, and ap{m) = 00 . Thus, the 
combination of (4.4) and Theorem 4.3 of ll^ yields 


Wo^p{s,po^p) 


IpP 


-1 


= 1 


1 \ 

^--)Y.P^d{p) 

/c=l 


k-lp-ks 


= 1 + (P- 1)^3 


Xd{p)p 


That is 


(15) 


lAo,p(s, Po.p) = lp 


1 - Xd{p)p 


1 + (p - 1 - Xd{p))p 


^-Xd{p)p ® P-Xd{p)p ® 

For the case 2\DN/{DN, d), i.e., 2\DN and d = 1 mod 4, we use the results in Section 


4.3 of fT2\ . Consider the case d = 1 mod 8 and 2|iV first. By Lemma 18 the Gram matrix 
of L 2 is equivalent to 2£ (J J). Following the notations in Section 4.3 of ll22l . we have 
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= 0, = {1}, = 0, d^{k) = p^ik) = e^(fc) = 5^{k) = 1 for all 

fc > 1, Kq{p) = oo, and = v = Q. Thus, Theorem 4.4 and (4.4) of ll22l yield 


(16) M^o.2(s,^ (1 + 2-* + 2-2« + ...)= ^2 


1 - 2 - 


1 - 2 - 


2 - 2 - 


For the case d = 5 mod 8 and 2|I1, Lemma 18 shows that the Gram matrix is equivalent 
to 2e (f 2 ) for some e £ Z 2 . In this case, we have = 0, = {!}, L^(k) = 0, 

d^{k) = efj.{k) = 6fj,{k) = 1 for fc > 1, = (-1)'=“\ Koik-) = 00 , and = :/ = 0. 

Then Theorem 4.4 of Eli shows that 

TTA /■„ ,, ^ _ T2 , n-s n-2s , o-3s \_ 1 + 2“^“'* 1 + 2^“® 

(17) lVo,2(s, (/5o,p) —(1 + 2 —2 +2 — • • • j — 72 ■ ^ 2_s- 


2 + 2 - 


From ([g, and ([^, we see that 


Ao(s,0,t;) = 


-..s/2 ..-s/2 Hs,Xd) 

A(s + l,Xd) 


n 


p\D/iD,d) 


1+p^-^ 
p + p~^ 


n 


p|Af/(tV,d) 


1 + (p - 2)p 
p — p“® 


By Lemma 17 


■( 0 ) = 2 


A'(l,Xd) 

A(l,Xd) 


- E 


—p^ ®logp —p ®logp 


1 + p 


,1-s 


p + p 


p\D/{D,d) 

— (p — 2)p“® logp p“®logp 

p — p“® 


= 2 


- E 

p\N/{N,d) 

A'(l, Xd) _ 

A(l,Xd) ^ F-fl 

t p\D/{D,d)^ 


1 + (p - 2)p- 

F- 1 , 

logp- 


E 


p|tV/(Af,d) 


s=0 


s=0 


and the proof of the lemma is complete. 


□ 


Example 21. Let tpp^{T) and be the Borcherds forms given in Proposition fT4| 

In this example, we shall utilize Lemmas 16 and 20 to determine the absolute valuesOT 
tpp^{T) at the CM-point of discriminant —4 and that of tpFgiT) at the CM-point of dis¬ 
criminant —3. 


Let B = O = Z + ZI + ZJ + ZIJ, and the embedding l : B ^ M(2,M.) 

be chosen as in Section]^ Choose A = /. Then (j) : i I defines an optimal embedding 
relative to {O, Z[i]) and the fixed point Td of in the upper half-plane is a CM-point 

of discriminant d = —4. By Theorem [B] Lemma pO} and ( [TOl l, we have 


log Itjjp {Td){lT[iTd)'^\ = -i ( 2 ko( 3 ) + 8 ko( 0 ) + 8r'(l) + 81 og( 27 r)) 

I J I 4 

= -^«o( 3 ) - 4 ^^ - log 3 - 2r'(l) - 21 og( 27 r) 

= “d^o(3)+4^^E2^ -log 3 + 21og|d|-21og(87r2). 

2 A(0,Xd) 


The term that needs some work is ko(3). 

We have L+ = ZI and L_ = ZJ + ZIJ. Thus, L = Lp + L_ and by ( [T^ , we have 

«^o( 3 ) = “ (^> ^)/ 2 ) = ( 3 ) -f 2 ko (2 ). 
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With respect to the basis { J, / J}, the Gram matrix of L_ is ( q® _°g). Thus, the sets Sm,ii 
in ( [T3 ] i is {2,3} for both Kq (3) and Kq (2). Using results in Section 4 of ll22ll . we find that 

W^3,2(s, ^ Po ,2) ~ 2^^ ~ W^3,3(s, ¥^0,3) = 3 ^ 

and 

W^2,2(s, ¥20,2) “ 2 W^2,3(s, ¥20,3) “ 3 ~ d”"*). 

Therefore, by Lemma [Th] 

(3) =-81og2, Kp (2) =-21og3, 
and ko( 3) = —8 log 2 — 4 log 3. It follows that 

(18) \^F^{Td){lmTdf\ = 48 • 

We next determine the value of ipFgiT) at the CM-point of discriminant d = — 3. 
Choose A = 3/— J + /Jso that (j) : A defines an optimal embedding of 

discriminant —3. By Theorem [B] Lemma [20} and ( [TOl i again, we have 

\og\ipF,{Td)ilmTdf\ = -^«^o(l) -log2-2r'(l) -21og(27r) 

= -log2 + 31og|d| -31og(87r2). 

By CorollaryfT^ the lattice has discriminant 12 and its Gram matrix must be equiv¬ 
alent to (I 2 - 4 L^ Since the discriminant of the lattice + L_ is equal to that of L, 
Lj (L_|_ + L_) is trivial. Consequently, 

«o(l) = XI (1 - (a;> 2 ;)/ 2 ) = Kp (1). 


The set Sm,^ in ( [T3] l is {2,3} for Kq (1). Using Theorems 4.3 and 4.4 of ll22l . we find 
1^1,2(S) ¥20,2, 

Then, Lemma[T6]yields 


1 ^ 1 ,2(5, ¥20,2) — 2(1 ~ 2 "*)> l^i, 3 (sj ¥20,3) — ;^(1 + 3 '*). 


■(1) = -6^3 


log 2 


V3 


= —4 log 2. 


Finally, we arrive at 
(19) 


|V'F,(Td)(Imrd)®| = 2 


|d| = 


o6L'(0,Xd)/i(0.Xd) 


5127r6 


Corollary 22. The absolute values of the constants Ci and C 2 in © and are 

1/71 — l^p4i'(0.X-4)/A(0,X-4) 1/71 _ 27(1 -f x/s) 6£'(0.X-3)/t.(0,X-3) 

respectively. 


Proof. The CM-point of discriminant —4 in the example above is t _4 = i. According to 
our choice of s(t) in Proposition]^ we have s{i) = 0. Therefore, the right-hand side of 
i} is simply Ci. Then ( [T8] l gives us the absolute value of Ci. The determination of 1(721 
is similar. □ 
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Remark 23. The values of \Ci \ and \C 2 \ can also be determined by considering the values 
of the Borcherds forms at the CM-point r_24 of discriminant —24. At the point r_24, 
the functions s(r) and t(r) take value 1. Thus, the right-hand sides of ([^ and (|^ can be 
expressed in terms of Gamma values using Gauss’ formula 2Fi{a, b; c; 1) = r(c)r(c — 
a — b)/{r{c — a)r(c — b)). By repeatedly applying Euler’s reflection formula and Gauss’ 
multiplication formula, we arrive at the same expressions for \Ci \ and \C 2 \- 

Example 24. Consider the case d = —163. By Theorem|^and Lemma|^ we have 

log I V'F/ (Td) (Im I = - i Ko (3) - log 3 - ^ log 2 + 2 log |d| - 2 log(87r^). 

2 L{0,Xd) 3 

On Page 851 of O. it is computed that 

40 

ko( 3) = -—log2-41og3-41og5-41og(ll) -41og(17). 
o 

Thus, 

= 2^^ • 3 • 5^ ■ 11^ . 17^ • , 

We now give the values of the Borcherds forms il^Ff{T) and V’Fg('r) at various CM- 
points. The computation is done using Magma Q. (The use of Magma is not essential. 
We use Magma only because it has built-in functions for computation about quaternion 
algebras.) The Magma code is available as an accompanying file to this paper. 

Lemma 25. For a fundamental discriminant d < 0 appearing in Theorem^ let G IH"'' 
be a CM-point of discriminant d, and 


— gL'{0,Xd)/2L{0,Xd) 


1 

7W\ 



Xdiaifid/ihd 


Let All be the number such that 

(20) |V’F^(rd)(ImTd)^| = . 


Then we have 


d 

Ad 

d 

Ad 

d 

Ad 

-4 

2^ • 3 

-132 

2^ • 32 

•52 

-148 

2^ . 3 • 52 • 172 

-24 

2^ • 32 

-43 

26-3- 

52 

-232 

2^ • 3 • 52 • 232 • 29 

-120 

2^ • 33 • 5 

-88 

24-3- 

52-11 

-708 

2^ • 32 • 52 • 172 • 292 

-52 

2"^ • 3 • 5^ 

-312 

2^ • 32 

• 52 • Il2 

-163 

2® • 3 • 52 • ll2 .172 


Also, let Bd be the number such that 


(21) |?/>i.^(rd)(ImTd)6| = . 
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We have 


d 

Bd 

d 

Bd 

d 

Bd 

-3 

2 

-19 

2-32 

-67 

2 . 32 . 72 . 212 

-84 

24.7 

-168 

2® • 7-11^ 

-372 

24 • 72 • 192 • 31 

-40 

2 ® • 32 

-228 

2® • 72 • 19 

-408 

23 .72 . 1^2 . ^^2 

-51 

2 • 72 

-123 

2 • 72 • 192 

-267 

2 • 72 • 31^ • 432 


5. Proof of Theorem|3 

In this section, we shall convert informations from Lemmaj^into special-value formu¬ 
las for hypergeometric functions. 

We retain our choices of B, O, t, the fundamental domain, and etc. from Sectionj^ In 
the following discussion, we let s be the Hauptmodul of X^{1)/Wq that takes values 0, 
1, and oo at the CM-points of discriminants —4, —24, and —3, respectively. According to 
the choice of the Fundamental domain in Section]^ these CM-points are represented by i, 
and (—l-l-z)/(l-|-'\/3), respectively. Letalsof = 1/s. For a CM-point of 
a fundamental discriminant d < 0 inside the fundamental domain, we let (j) : Q(v^) ^ B 
be the corresponding optimal embedding and assume that = Oi/ -f 02 J -f a^IJ. 

Then we have 


( 22 ) 


a2-\/3 -f Vd 
ai + 03 Vs 


We hrst recall a technical lemma from llTSl . 


Lemma 26 (iH] Lemma 5]). If s(Td) takes a value in the line segment [0,1], then 02 = 0. 
If s{Td) takes a value in [1,(X)), then oi = 803 . If s{Td) takes a negative value, then 
02 = -Os- 


Recall that ippj: (r) and (r) are the Borcherds forms dehned in (|^ and (|^, respec¬ 
tively. 


Proposition 27. Assume that — 1 < s{Td) < 1. Let Ad be the real number such that ( |20| l 
holds. Then we have 


(23) 


p (1 1.3. . 1 _ 

^ ^ ' 24’ 24’ ) 212 . 3 


d 


(oi + \/\d\)^ 


OJ-A 


and 

(24) 


3 F 2 


112 3 5 
3’ 2’3’ 4’4 


; s{Td) = 


i^Ad 

2 io|s(rd)| 


/ Z I ZVJ. 5 

(^2 + ^ 3 ) 


Assume that — 1 < t{Td) < 1. Let Bd be the real number such that holds. Then we 
have 


2 A 



Bd ( Odd \ 

27-33 \lo.J 

((02-1-203)^3-1-171)®: ift{Td)>0, 
((oi - 203)1 -f ID®, ift{Td) < 0 , 


( 25 ) 


X 
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and 

(26) 


3 -P 2 


1 1 3 5 7 , , , 

’ o ’ T ’ H ^ J 


Bd 

216|t| 


X 


f27(a2 + a 3 )®, ift{Td)>0, 
I ( 01 - 803 )®, ift{Td)<0. 


4’ 2’ 4’ 6’ 6 
Proof. For convenience, set 

i^i(s) = 2i^i(l/24, 5/24; 3/4; s), ^ 2 ( 5 ) = 2^1(7/24,11/24; 5/4; s), 

and Sd = s{Td). Note that we have Fi( 5 )^ 2 (s) = 37 ^ 2 ( 1 / 3 ,1/2, 2/3; 3/4,5/4, s). Let 
C = — l/-\/T2aj/.4. By Lemma 5 of 1351, we have 


(27) 


Cs]I^F2{Sd) Td - i 


Fi{sd) Td + i' 

Combining (|^, ( |20l i, ( |2^ , and Corollary we find 




Wd 


Ad^ ^ = 


12 o;® 4 |d|" 


64 \^/f J 7r'^(oi + Os-x/S)"^ 
12 ^ 84^12 


7^1 (sd)* 


1 - 


Td - I 


Td + i 


-FUsdf ( ^(”1 ~ 

^ ^ \ 3(oi + a§) j ' 


7r4(oi + 03^3)4 

Simplifying the identity, we get ( |2^ . To prove ( |24| , we observe that from (0 we obtain 


F2isd) = 


Fi{sd) 


Td - * 


Td 


4/Tt^ 2 Flisd) at - \/\d\ 

^-^kdP/V3(ai + oi)- 


Combining this with ( [23) , we obtain 

7^1 (sd)^® (at - 


7^i(sd)"7^2(sd)" = 24-3" 


^-4" 


34(a| + alY 


Ad (Qi + \/M)®(ai - \/R[)® 

220 . 34 • s 2 


i-i/ V-I v i-iy 16 _ ,2 , „2',4 16 

(ai + o2)4 220^2 (“2 + 03 ) Wd- 


Simplifying the equality, we obtain 
Similarly, we write td = t{Td), and 

Gi(t) =2fJ^,1- |;f') , G2(7) = 2 F 1 ( A, h 


24 ’ 24 ’ 6 ’ 


24’ 24’ 6’ 


Then Gi{t)G 2 it) = 3F2(l/4,1/2, 3/4; 5/6, 7/6; 7). Let (C' = j We have 


C'tl^^G2itd) Td-T_3 


-1 


Using 


Gi(7d) 


Td - T-3 


Td - T_3 ’ 


T-3 = 


1 - 


Td - r_3 

2 

Td - T _3 


Td - T-3 


1 +V3' 

_ V3(oi + 02 - 03 ) - \/R| 
•\/3(oi + 02 — 03 ) + \/\d\ 

2 oi -f 03 "x/S 

1 + x/S + 02 — 03) + A^/|c?| 
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0 , ® and Corollary 1^ we deduce that 






5 ^ 512 ! - 


12 


27(1 + 73)^11^13 


2567r6(ai + OaTS)® 
27a;73|d|3 


GiitdY 


1 - 


Td - T-3 


47r6(A/3(ai + 02 - 03 ) + i/jdl)® 


Td - T-3 

Gi(id)i 2 , 


12 


SO that 


Gi(r 7 ^^ = 


12 _ ^^(73(01 + a2 — 03) + 71 ^)^ f 

27-33 


and 


Gi(r 7 '^G 2 (T 7 '^ = 


12 _ 4^7^ 


Gi(l 7 


24 [ 73(ai + 02 - Qa) - 7MI 

I 73(ai + 02 — 03 ) + 7 M[ / 


212 . 36 
26.36 


(3(ai + 02 - 03 )^ - \d\) ujj'^ 

(oj + 3 o 2 + 303 + 3 oi 02 — 302O3 — 30103)^ 


With Lemmathese two identities reduce to ( |25] l and ( |26| ), respectively. This completes 
the proof. □ 


P roof of Theorem^ The values of s(r) and t{T) at CM-points were computed in ifTSll . 
They are the rational numbers M/N from the two tables in Theorem]^ The optimal 
embeddings corresponding to the CM-points inside the fundamental domain are given in 
the two tables below. 


d 

fiVd) 

d 

fiVd) 

-52 

81 + 2IJ 

-120 

12/- 2J + 2/J 

-88 

10/ + 2/J 

-43 

7/ - J + / J 

-132 

12/ + 2/J 

-232 

16/ - 2 J + 2/J 

-312 

18/ + 2/J 

-163 

13/ - J + IJ 

-148 

14/ + 4/J 



-708 

30/ + 8/J 




d 

4 >{Vd) 

d 

fiVd) 

-84 

12/ - 2 J + 4/J 

-40 

8I-2J + 2/J 

-51 

9/ - J + 3/J 

-19 

5/ - J + / J 

-168 

18/ - 4 J + 6/J 

-228 

18/ - 4 J + 4/J 

-123 

15/-3J + 5/J 

-67 

11/-3J + 3/J 

-372 

24/ - 2 J + 8/J 



-408 

30/ - 8 J + 10/J 



-267 

21/-3J + 7/J 




Here the left columns of the two tables are for discriminants d with s{Td) > 0 and t{Td) > 
0, respectively. Combining informations from Lemma p5j Proposition pT) and the above 
two tables, we obtain the identities in Theorem]^ □ 
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6 . Further examples 


Observe that for each discriminant d appearing in Theorem there is only one CM- 
point of discriminant d on the Shimura curve Xq{1)/Wq. In such cases, Schofer’s formula 
readily tells us the absolute value of a Borcherds form at the unique CM-point of dis¬ 
criminant d. However, in general, we can only read from Schofer’s formula the products 
of values of Borcherds forms at CM-points. In this section, we introduce a technique to 
separate the value at a CM-point from those at the other CM-points of the same discrim¬ 
inant using Hecke operators. This technique relies on the method developed in ll^ for 
computing Hecke operators. Here we will work out the case d = —276. In principle, the 
method works at least for any imaginary quadratic number held whose ideal class group, 
after quotient by the prime ideals lying above 2 and 3, is an elementary 2-group. 

Let E = Q(-v/—276) and R be the ring of integers in E. There are two CM-points of 
discriminant d = —276 on Xq{1)/Wq, represented by the two points 

_ -373-^7=69 

^^~9-f2V3’ ~ 12-f4v^ 

in the fundamental domain. The corresponding optimal embeddings and ^2 are 

Ai = = 18/ -f 4/J, A 2 = = 24/ -6J + 8IJ, 

respectively. According to the table at the end of Section 5 of ll34ll . the values of the Haupt- 
modul s(t) at these two points are (166139596 ± 95538528-\/3)/1771561. (The values 
can also be determined using Borcherds forms and Schofer’s formula.) From Lemma 
we deduce that 

, , 166139596 - 95538528V3 , , 166139596-f 95538528^3 

=-i77l5w-’ =-mIsM-• 

Call these two numbers si and S 2 , respectively. Let p 2 and p 3 be the prime ideals of R 
lying above 2 and 3, respectively, and let ps be any prime above 5. Then the ideal class 
group of R is isomorphic to (Z/2Z) x (Z/4Z) generated by the element p 2 of order 2 and 
the element ps of order 4. Moreover, the product p 2 p 3 p| is a principal ideal. It follows that 
the ideal class group, afte quotient by the subgroup generated by p 2 and p 3 , is cyclic of 
order 2 and generated by ps. In terms of CM-points on XQ(1)/We, this means that there 
should exist an element a of norm 5, 10, 15, or 30 in O such that t(a)Ti = T 2 . (Here we 
retain the notations O, t, and etc. used in Section]^) Indeed, such an element is 

a = 3 - 2/ - / J. 


(Another element is a' = (3 — 9/-f J — 3/J)/2.) In other words, we have A 2 = aXia 
Now let F{t) = il’Ff (t) be the modular form of weight 8 dehned in Proposition[T^and 


set 


, I , , 10^ f 3 t+ 2-\ 

((2-f y3)r - 3)8 \{-2-V3)t + 3 


In general, we have 

Thus, 

(28) 


10 ^ 


/ Im 6(a)i 
1(2-I-v^)r - 3|8 V 


^^ 2)1 = 


Imri 

Imr2 


Fin) 
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On the other hand, Schofer’s formula yields 

|F(ri)J^(r2)| (Imri)4(ImT2)‘‘ = 2® • 3^ • 11^ (' 

Substituting ( |28| ) into this, we obtain 
(29) |i^(ri)(Imri)4 

The main task remained is to determine the value of F{ti)/F{ti). 

Let r be the discrete subgroup of PSL(2,K) such that Xq{1)/W^ = r\]HI+, i.e., L := 
{(.( 7 )/(det 7 )^/^ : 7 S N^{0)}. Let 7 ^, j = 1,5, be elements inr 6 (a)r such that 
7 o = t(a)and 7 j,j = 1,5, form a complete set of coset representatives ofr\ri(a)r. 
In Section 4 of llTSll . by using results from lf36l , we hnd that 

I[(y- ^ ^(sedoooos - 5177953 )^® 

+ ^ (8467200000s + 1804020097)2/^ 

726 

+ —(93744000000s - 3501556201)y 

5 JU 

+ ^(1382405 + 14641 ) 2 . 

Substituting s by Si = (166139596-95538528^3)/1771561, we deduce that F(ri)/F(Ti) 
is a zero of 


nri) 


nri) 


= 2 ® • 3"^ • 11 - 


( \d? 

\ 6471^ 




(9150625?/^ + (40464094// - 2090396073)// + 82650625 - 4742500073)p(//), 


where g{y) G Q(73)[2/] is an irreducible polynomial of degree 4 over Q(73). In fact, we 
can show that it is a zero of the factor of degree 2 shown above. Hence, we have 

1/2 

h'iT-, 1 / - 474‘Z.'S(I()1I^/M \ 

(30) 


Fin) 


Fin) 


( 82650625 - 4742500073 \ 
( 9150625 J 


14 - 573 ' 


11 


(It is possible to determine the precise value, not just the absolute value. The two zeros 
of the factor of degree 2 are F{ti)/F(ti) and the value of (F|gi(Q;'))/+' at ri, where 
a' = (3 — 9/ + J — 3/J)/2. It is easy to find the ratio of the two values and hence 
determine F{ti)/F{ti).) Substituting into ( |29l l, we obtain 

|F(ri)(Imri)4| = 144(14 + 573) j^tu®. 

By Proposition [ 27 ] this implies that 




3(14 + 573) 


16 


(9 + 769)^ 


4 I ^-276 

a;_4 


/I 1 2 3 5 \ 

U’2’3’4’4’"V 


/ 3(16 + 2373) 

I ^ 


/2 + 373\ 

V 23 ) 


(2 + 73 ) 0 ;® 276 
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